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“PARALLEL” TRANSPORT IN FIBRE SPACES

By JaMEs DILLON STASHEFF*

1. Introduction

Of fundamental importance in differential geometry is the notion of parallel
transport along curves (for technical reasons, the equivalent “connection” is
often given greater emphasis). Roughly speaking, the idea is this: Given a curve
\ from p to g, a tangent vector at p can be transported along X to a tangent vector
at g, called the transport of v along g. This transport is required to be rather well
behaved. In particular, the induced map of the tangent space at p to that at ¢
is to be a linear isomorphism. Moreover, this isomorphism should vary nicely
as we vary the curve from p to q.

Now a structure of this sort need not be confined to tangent bundles. In [141,
Chapter 7, J. H. C. Whitehead and O. Veblen suggested the study of correspond-
ing operations when the tangent space is replaced by some general “associated”
space. An appropriate setting for such a generalization is in the theory of fibre
bundles. For vector bundles, the concept is essentially that of linear connection,
while for general bundles, the corresponding concept was considered by E. H.
Brown [1] under the name “lifting function”. An even more appropriate setting
is in the theory of fibre spaces, for the existence of such “‘transports” and their
relation to the classification of bundles are intimately connected with the homo-
topy properties of the bundle.

The idea is to measure the “twist” in the fibre space by observing how a typi-
cal fibre is mapped into another as we move along a path in the base. For many
purposes, it is sufficient to consider paths beginning and ending at a fixed point
* ¢ B. Let OB denote the space of such paths with the usual topology. (The
parameter is assumed to run over some finite interval [0, r] and, for a path X, the
end point will be denoted by A(7).) Let F denote p '(*). Until we are in a posi-
tion to give a precise definition, we will use the word “transport” to mean a map
9:QB X F — F such that for each A € @B, themap 6(), ):F — F is a homotopy
equivalence. Since the most we can say about different fibres above a path is that
they are of the same homotopy type, this is all we can ask of 6(}, ). As we shall
see (and as is well known) the fact that p is a fibre space gives rise to such a
transport.

In the classical case, 8 is not only continuous but suitably differentiable, and
the homotopy equivalences are in fact linear isomorphisms. As one would expect,
the existence of more restricted transports (in terms of differentiability, linearity,
ete.) follows from the presence of appropriate structure on the fiber space in
question.

A more significant fact in the classical case is that 0 is transitive; i.e., displace-
ment along successive paths, X and then u, is the same as the displacement along
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the total path u + . (N.B. We reverse the usual order in writing 4 + A so as
to correspond to functional notation; in symbols, 8(p + X\, z) = 6(g, 6(X, 2)).)
The same is true in the case of (Steenrod) fibre bundles for the “lifting functions”
constructed by Brown ([1], Th. (1.5)), but the proof makes significant use of the
local product structure and the fact that the transition functions lie in a group;
this proof will not carry over to general fibre spaces.

Although the existence of some sort of “transport” for a fibre space has been
known for some time, there has been no complete analysis of its lack of transi-
tivity; nor has its significance in determining the structure of the fibre space been
fully realized. Consider the important, though usually unemphasized, role that -
“transports” play in the theory of bundles. In the simplest case, that of a covering
space, the transport §:QB X F — F induces a homomorphism of m1(B) into the
automorphism group of the fibre, and this homomorphism characterizes the
covering. If B is a suspension SX and p is a bundle, then the bundle is character-
ized by a homotopy class of maps of X into the group of the bundle. This homo-
topy class can be interpreted as a class of homomorphisms of 28X into the group
which are adjoint to transports. More generally, by looking at QB as a groupoid,
Lashof [8] has obtained homomorphisms of QB into the group which character-
ize general bundles. Brown improves this result slightly in that he uses the usual
addition of loops, although the relation to classification is never made explicit.

So much for bundles. This paper has as its main objective a description of the
general situation for fibre spaces, emphasizing the homotopy structure underly-
ing the classical concepts as well as the naturality and importance of “transport”
in the classification problem. In particular, there is given a method of construct-
ing fibre spaces using a more precisely defined “transport”. In effect, this analyzes
the construction of “associated fibrings’ from a homotopy point of view and ex-
tends it to the case of non-transitive operations.

The more precise definition is motivated and introduced in §2 along with state-
ments of the main results regarding its significance. Such transports are con-
structed in §3 and used to construct fibre spaces in §4. The classification of fibre
spaces via transports is carried out in §5, and this classification is compared with
other forms. This, of necessity, involves a study of “universal base spaces” and
of associative H-spaces and maps. An alternate approach which brings out the
naturality (in the technical sense) of the classification is discussed in §6. Finally,
in §7, we return to G-bundles briefly to indicate their position as a special case in
relation to fibre spaces. These last two sections are comparatively technical;
although they cast additional light on the preceding sections, they are not essen-
tial to the basic understanding of “transport” at which we aim.

2. Definitions and main results

We adopt the definition of fibre space used by Dold (in [2], Def. 5.1; cf. Fuchs
[5], and Weinzweig [15], Def. 5.1).

¢ DeFINITION 2.1. p:E — B is a fibre space if, for every map fo:X — E and
homotopy hi:X — B0 < ¢ < 1 such that pfy = ho, there exists a homotopy
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